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Abstract
A scheme is presented to decompose the exponential of a two-body opera-
tor in a discrete sum over exponentials of one-body operators. This discrete
decomposition can be used instead of the Hubbard-Stratonovich transforma-
tion in auxiliary-field quantum Monte-Carlo methods. As an illustration, the
decomposition is applied to the Hubbard model, where it is equivalent to the
discrete Hubbard-Stratonovich transformation introduced by Hirsch, and to
the nuclear pairing Hamiltonian.
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I. INTRODUCTION
In auxiliary-field quantum Monte-Carlo methods (AFQMC), such as the projector,
grand-canonical [1] and shell-model quantum Monte-Carlo methods [2], the Boltzmann op-
erator e−βhˆ, with hˆ the Hamiltonian, is decomposed in a sum or integral of exponentials of
one-body operators. This sum or integral is then evaluated using Monte-Carlo techniques.
For the decomposition, these methods rely on the Hubbard-Stratonovich transformation
[3,4], which is based on the identity
eβρˆ
2
=
1√
2π
∫ ∞
−∞
e−
σ2
2 eσ
√
2βρˆdσ, (1)
where ρˆ is a one-body operator. In order to avoid problems due to non-commuting oper-
ators, one can split up the Boltzmann operator using the Suzuki-Trotter formula [5]. One
can discretize the Hubbard-Stratonovich transformation by applying a Gaussian quadrature
formula to the integral over σ. After a Suzuki-Trotter expansion in Nt slices, a three-points
quadrature formula leads to an error of the order of O
(
β3
N2t
hˆ3
)
. This is of the same order
in β and Nt as the errors due to the non-commutativity of the squared operators that build
up hˆ. For some systems one can derive an exact, discrete Hubbard-Stratonovich transform.
Hirsch showed how one can write an operator of the form e−βUnˆ↑nˆ↓ , where nˆσ is the site
occupation number for an electron with spin projection σ, exactly as a sum of two exponen-
tials of one-body operators [6]. Recently, Gunnarsson and Koch extended this to systems
with higher orbital degeneracy [7].
The aim of this paper is to describe another discrete decomposition scheme, which is exact
for a certain class of operators. This decomposition scheme is generalized to any two-body
Hamiltonian using the Suzuki-Trotter formula. For the application in AFQMC methods,
especially the shell-model Quantum Monte-Carlo method, this new decomposition has the
advantage, compared to the discretized Hubbard-Stratonovich transform based on Eq.(1),
that it is more accurate and that it leads to low-rank matrices. This leads to faster matrix
multiplications and requires less computer memory. AFQMC methods for fermions often
have sign problems [1]. Fahy and Hamann [8] showed that these sign problems can be related
to the diffusive behavior of states in the Hubbard-Stratonovitch transformation. Because our
decomposition, in general, is based on exponentials of one-body operators of a completely
different type, one can expect different sign properties. Our decomposition is not free of
sign problems, but there might be systems where it leads to a sign rule while the Hubbard-
Stratonovich transformation does not, or where our decomposition causes significally less
sign problems.
In Section II we introduce a matrix notation for Slater determinants and operators needed
for a clear discussion of the decomposition. In Section III a basic lemma is given on which
the decomposition is based. In Section IV the exact decomposition for a certain class of
operators is presented. We indicate how to apply this decomposition to a general two-body
Hamiltonian. In Section V the relation with Hirsch’s decomposition for the Hubbard model
is elucidated. Finally, in Section VI the decomposition for the nuclear pairing Hamiltonian
is discussed and illustrated with AFQMC-results for an exactly solvable model.
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II. A MATRIX NOTATION FOR SLATER DETERMINANTS AND OPERATORS
In order to avoid confusion between matrix representations in the space of single-particle
states and the operators themselves in Fock space, we will denote the former with upper case
and the latter with lower case characters. Let {φ1, . . . , φNs} be a set of basis states for the
single-particle space, aˆ1, . . . , aˆNs be the related creation operators and the A-particle state
ΨM the antisymmetrized product of a set of single-particle states
∑Ns
i=1Mijφi, j = 1 . . .A.
i.e. ΨM is a Slater determinant. Thus in second quantization one can write
|Ψ〉 =
A∏
j=1
(
Ns∑
i=1
Mij aˆi
)
|〉. (2)
This defines a matrix representation M for a Slater determinant ΨM . The value of this
representation is that one can represent certain operations on the Slater determinant by
matrix operations on M. e.g. the overlap between two Slater determinants ΨM ′ and ΨM is
given by 〈ΨM |ΨM ′〉 = det
(
M †M ′
)
. The exponential of a one-body operator acting on ΨM
results in a new Slater determinant, e−βhˆ|ΨM〉 = |ΨM ′〉 (this is a corollary of the Thouless-
theorem [9]), whose matrix representation is related to M by M ′ = e−βHM , where the
Ns ×Ns matrix H is defined by hˆ = ∑i,j Hijaˆ†i aˆj. Reversily, given a Ns ×Ns matix Q, one
can consider the operator Oˆ(Q), defined by its action on Slater determinants:
Oˆ(Q) : |ΨM〉 −→ Oˆ(Q)|ΨM〉 = |ΨM ′〉 with M ′ = QM. (3)
If Q is non-singular, Oˆ(Q) is the exponential of a one-body operator.
III. A BASIC LEMMA
Lemma: The operation represented by the unit matrix plus a matrix of rank two can
be expressed as a sum of one- and two-body operators in the following way:
Oˆ(1 + αB†1B4 + β B†2B3) = 1 + α bˆ†1bˆ4 + β bˆ†2bˆ3 + αβ bˆ†1bˆ†2bˆ3bˆ4, (4)
where B1, B2, B3 and B4 are 1 × Ns row matrices and bˆk = ∑Nj=1(Bk)j aˆj , k = 1, 2, 3, 4.
Proof: Consider the A-particle Slater determinant ΨM represented by the matrix M .
Consider also a Slater determinant ΨL, that has particles in the single-particle states
φi1 , φi2, . . . , φiA. The Slater determinants of this type constitue a basis of the A-particle
Hilbert space. The overlap of ΨL with ΨM is given by
〈ΨL|ΨM〉 = det
(
M˜.1 M˜.2 · · · M˜.A
)
. (5)
The notation M.j denotes the vector that is given by the j
th column of M , the notation
B˜ for an N -element vector B denotes the A-element vector (Bi1Bi2 · · ·BiA). The operator
in Eq.(4) transforms ΨM into ΨM ′ with M
′ = (1 + αB†1B4 + βB
†
2B3)M . To calculate the
overlap of ΨM ′ with ΨL, we have to replace every column M˜.j in Eq.(5):
M˜.j → M˜ ′.j = M˜.j + αjB˜†1 + βjB˜†2, with αj = α B4M.j , βj = β B3M.j . (6)
2
The overlap is then given by
〈ΨL|ΨM ′〉 = det
(
M˜.1 + α1B˜
†
1 + β1B˜
†
2 · · · M˜.A + αAB˜†1 + βAB˜†2
)
. (7)
This determinant can be expanded as the sum of all determinants that are obtained by
selecting in every column of Eq.(7) one of the terms M˜.j , αjB˜
†
1 or βjB˜
†
2. If in more than one
column the term αjB˜
†
1 is selected, then the determinant has two linearly dependent columns,
so it will vanish. The same holds for the term βjB˜
†
2. Only four types of determinants remain:
• M˜. is selected in every column. This determinant is just 〈ΨL|ΨM〉 (see Eq.(5)).
• αjB˜†1 is selected in column j, M˜. in all others. These determinants sum up to
〈ΨL|αbˆ†1bˆ4|ΨM〉 (one particle is moved from state b4 to state b1).
• βjB˜†2 is selected in column j, M˜. in all others. These determinants sum up to
〈ΨL|βbˆ†2bˆ3|ΨM〉 (one particle is moved from state b3 to state b2).
• αjB˜†1 is selected in column j, βkB˜†2 is selected in column k, M˜. in all others. These
determinants sum up to 〈ΨL|αβbˆ†1bˆ†2bˆ3bˆ4|ΨM〉 (two particles are moved from states b4
and b3 to states b1 and b2).
Taking all these terms together, we find that
〈ΨL|ΨM ′〉 = 〈ΨL|1 + αbˆ†1bˆ4 + βbˆ†2bˆ3 + αβbˆ†1bˆ†2bˆ3bˆ4|ΨM〉. (8)
This holds for any basis state ΨL, so that
ΨM ′ =
(
1 + αbˆ†1bˆ4 + βbˆ
†
2bˆ3 + αβbˆ
†
1bˆ
†
2bˆ3bˆ4
)
ΨM . (9)
This proves Eq.(4).
End of proof.
IV. A DISCRETE HUBABRD STRATONOVICH DECOMPOSITION
Consider a fermionic two-body operator Qˆ of the form
qˆ =
Ns∑
i,j,k,l=1
Qij (B1)k (B2)l aˆ
†
i aˆ
†
jaˆlaˆk. (10)
An operator of this form has the special property that
qˆ2 = λqˆ, with λ =
Ns∑
k,l=1
(Qkl −Qlk) (B1)k (B2)l . (11)
Because of this relation, the exponential of qˆ can be written as
e−βqˆ = 1 + γqˆ, with
{
γ = e
−βλ−1
λ
for λ 6= 0,
γ = −β if λ = 0. (12)
3
Now we can use the lemma to obtain a discrete decomposition of e−βqˆ in a sum of exponentials
of one-body operators:
e−βqˆ =
Ns∑
i,j=1
1
2
∑
σ=−1,+1
|Qij|
Θ
(
1 + σχijaˆ
†
i bˆ1 + σχ
′
ij aˆ
†
j bˆ2 + χijχ
′
ij aˆ
†
i aˆ
†
j bˆ2bˆ1
)
,
=
Ns∑
i,j=1
∑
σ=−1,+1
|Qij|
2Θ
Oˆ
(
1 + σχijA
†
iB1 + σχ
′
ijA
†
jB2
)
, (13)
with Ai the 1×Ns row matrix which has a 1 on the ith entry and zeros anywhere else, and
Θ =
Ns∑
i,j=1
|Qij|, (14)
χij =
√
|γ|Θ, (15)
χ′ij =
√
|γ|Θsign (γQij) , (16)
bˆk =
Ns∑
l=1
(Bk)l aˆl, k = 1, 2. (17)
This is an exact Hubbard-Stratonovich-like decomposition of the form of Eq.(10). To apply
this discrete Hubbard-Stratonovich-like decomposition to the Boltzmann operator e−βvˆ for
a general fermionic two-body operator vˆ, one has to rewrite vˆ as a sum of operators of the
form Eq.(10). A trivial way to do this, is given by
vˆ =
Ns∑
i,j,k,l=1
Vijklaˆ
†
i aˆ
†
j aˆlaˆk =
Ns∑
k,l=1
qˆkl, with qˆkl =

 Ns∑
i,j=1
Vijklaˆ
†
i aˆ
†
j

 aˆlaˆk. (18)
The Suzuki-Trotter formula can be used to split up the Boltzmann operator into factors
with only one operator qˆkl in the exponent. Then each of these factors can be decomposed
exactly using the discrete decomposition in Eq.(13). Note that the total decomposition is
no longer exact because of the non-commutativity of the operators qˆkl. The error will be of
the order O(β3/Nt2). It will be much smaller than in case of a decomposition based on a
Gaussian discretization of the integral in Eq.(1), because now the error is proportional to
the commutators of the operators qˆkl and no longer to a power of vˆ.
V. RELATION TO HIRSCH’S DECOMPOSITION FOR THE HUBBARD
HAMILTONIAN
For the Hubbard model we have to find a decomposition for a Boltzmann operator of
the form e−βUnˆ↑nˆ↓ . where U is the interaction strength and nˆiσ = aˆ
†
σaˆσ. σ =↑, ↓ is an index
for the spin degree-of-freedom. The exponent has a two-body operator nˆ↑nˆ↓, which is an
operator of the form of Eq.(10), so we can apply the decomposition given in Eq.(13) and
obtain:
e−βUnˆ↑nˆ↓ =
1
2
∑
σ=−1,+1
Oˆ (1 + σχ↑N↑ + σχ↓N↓) , (19)
4
with N↑(N↓) the matrix which is zero everywhere except for the diagonal element related to
the spin-up (spin-down) site, which is equal to 1. χ and χ′ are given by
χ↑ = −χ↓ =
√
1− e−βU for βU > 0, (20)
or χ↑ = χ↓ =
√
e−βU − 1 for βU < 0. (21)
Now one could scale each term in Eq.(19) with an operator of the form e−βµ(nˆ↑+nˆ↓), because
in the canonical ensemble this is just a constant. The matrices in the decomposition now
have to be multiplied with the matrix 1 +
(
e−βµ − 1
)
N↑ +
(
e−βµ − 1
)
N↓. In case of the
repulsive Hubbard model, the choice µ = −U/2 leads to the discrete Hubbard-Stratonovich
transform of Hirsch [6]. From the computational point of view this particular choice of µ
has the advantage that the matrix representation for the spin-down part is related to the
matrix representation for the spin-up part by a matrix inversion. Then one only has to keep
track of the spin-up part in actual AFQMC calculations. Hirsch’s decomposition for the
attractive Hubbard model can also be obtained from Eq.(19), with a particular choice for µ.
In this case however, there is no computational advantage in taking any particular value.
VI. APPLICATION TO THE NUCLEAR PAIRING HAMILTONIAN
The Hamiltonian for nuclear pairing in a degenerate shell is given by
hˆ = −G
NS∑
k,k′=1
aˆ†kaˆ
†
k¯
aˆk¯′ aˆk′ . (22)
Here it is assumed that there are 2NS degenerate single-particle states. The single-particle
energy is shifted to 0 MeV. So there is no one-body part in the Hamiltonian. The states
with jz > 0 are labeled from 1 to NS and k¯ denotes the time-reversed state of state k. The
many-body problem for this model can be solved analytically using the seniority scheme
[10].
Using the Suzuki-Trotter formula, the Boltmann operator for this Hamiltonian can be
written as
e−βhˆ = e−
β
2
qˆ1 e−
β
2
qˆ2 · · · e−β2 qˆNS e−β2 qˆNS · · · e−β2 qˆ2 e−β2 qˆ1 + O
(
β3
)
, (23)
with
qˆk = −G

 NS∑
k′=1
aˆ†k′ aˆ
†
k¯′

 aˆk¯aˆk. (24)
The error is of the order O (β3). It is assumed that β is small. In practice, one has to split
β in a number of inverse-temperature slices using the Suzuki-Trotter formula. Then one can
apply the procedure that is discussed here to each inverse-temperature slice seperately. We
have qˆ2k = −Gqˆk. So we can find a decomposotion of the type given in Eq.(13)
e−
β
2
qˆk =
NS∑
k′=1
∑
σ=−1,+1
1
2NS
Oˆ
(
1 + σχA†k′Ak + σχA
†
k¯′
Ak¯
)
, (25)
5
where χ2 = NS
(
e
βG
2 − 1
)
.
We have applied this decomposition to study a degenerate shell of 20 states (NS = 10),
with 10 particles. This could model the valence model space for neutrons in the fp shell
in 56Fe, if one neglects the energy gap between the 1f 7
2
and the 2p 3
2
, 1f 5
2
, 2p 1
2
orbitals.
For the strength of the interaction we took G = 20/A MeV = 20/56 MeV, as recom-
mended in [11]. We have performed a shell-model quantum Monte-Carlo calculation in
the canonical ensemble, following [2], but now using the new decomposition of Eq.(25) in-
stead of the Hubbard-Stratonovich transformation. In order to make the systematic error
smaller than the statistical error, the inverse temperature β was split into slices of length
0.05 MeV−1. We point out that the form 1 + σχA†k′Ak + σχA
†
k¯′
Ak¯ can be rewritten as(
1 + σχA†k′Ak
) (
1 + σχA†
k¯′
Ak¯
)
, such that there is a symmetry between states with jz > 0
and their time-reversed states. This symmetry guarantees that there will be no sign problem
for systems with an even number of particles. This sign-rule is analogous to the sign rule
for the pairing-plus-quadrupole Hamiltonian decomposed using the Hubbard-Stratonovich
transform [12]. In figure 1 we show the internal energy of the system as a function of tem-
perature. In figure 2 we show the corresponding specific heat of the system as a function
of temperature. The Monte-Carlo results are in excellent agreement with the analytical
results. The peak in de specific-heat curve around a temperature of 0.8 MeV. can be as-
sociated with the breakup of Jpi = 0+ pairs. It is straightforward to take into account the
different single-particles energies and more general forms of the pairing Hamiltonian:
hˆ =
NS∑
k=1
ǫk (nˆk + nˆk¯) −
NS∑
k,k′=1
Gk,k′aˆ
†
kaˆ
†
k¯
aˆk¯′ aˆk′ . (26)
Extension to even more general two-body Hamiltonians is possible. Then there can be sign
problems at low temperatures.
VII. CONCLUSION
We have presented a new type of discrete Hubbard-Stratonovich decomposition for the
Boltzmann operator. It is exact for a special class of two-body operators. Applied to the
Hubbard Hamiltonian, it leads to Hisrch’s discrete Hubbard-Stratonovich decomposition.
The decomposition is well suited for the nuclear pairing Hamiltonian, where it leads to a
sign rule for systems with an even number of particles. Quantum Monte-Carlo results based
on this decomposition are in excellent agreement with the analytical results for an exactly
solvable model.
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FIG. 1. Internal energy versus temperature. Error bars on the Monte-Carlo data are omitted
because they are smaller than the symbols marking the data points.
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FIG. 2. Specific heat versus temperature. Error bars on the Monte-Carlo data represent
95%-confidence intervals.
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